Buckling patterns of shells and spherical honeycomb structures  by Tarnai, T.
Computers Math. Applic. Vol. 17, No. 4-6, pp. 639-652, 1989 0097-4943/89 $3.00 +0.00 
Printed in Great Britain. All rights reserved Copyright © 1989 Pergamon Press pie 
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Abstract--Analogy between th  post-buckling equilibrium form of complete spherical shells with the 
mandrel inside and the form of living spherical honeycomb structures is investigated. The primary aim 
of this paper is to describe the typical topological-geometrical properties ofthe multi-dimple buckling 
pattern of a complete spherical shell on the basis of this analogy. It was found that, although the sphere 
itself is the most symmetrical form, the buckling pattern on it (consisting ofpentagons, hexagons and 
heptagons) i  asymmetric. 
1. INTRODUCTION 
In stability research on thin elastic shells, circular cylindrical shells [Fig. l(a)] are the most 
intensively studied structures and almost every important detail of their buckling has been cleared 
up [1, 2]. So, the buckling shape of a cylindrical shell under different external loads i also 
known [3]. 
A thin-walled circular cylindrical shell subjected to uniform axial compression, in the advanced 
phases of the buckling process, buckles in a diamond pattern. If the cylinder is short the end 
supports admit local buckles only in a narrow circumferential strip in the middle of the cylinder 
[Fig. 1 (b)], but if the cylinder is long a buckling pattern close to the Yoshimura pattern can develop. 
The Yoshimura pattern [Fig. l(c)] in fact is a polyhedron composed of equal n-gonal antiprisms 
consisting of equal isosceles triangles. The Yoshimura pattern is an inextensional buckling pattern, 
i.e. it is obtained from the cylindrical surface by isometry. This isometry, however, is not a 
continuous transformation, so the cylindrical surface can reach the Yoshimura pattern only 
through extensional deformation with a snap-through phenomenon. The Yoshimura pattern is 
valid for shells with zero wall thickness [4]. In reality, shells have finite wall thickness and 
consequently finite bending stiffness also, and so the buckling pattern has no sharp edges but a 
curvature with a small but finite radius along the edges. 
The main feature of this kind of buckling pattern of circular cylindrical shells is a high order 
of symmetry that has been confirmed by several experiments [3]. 
Another common shell form is the sphere. Buckling of thin-walled complete spherical shells 
subjected to uniform external pressure has also been investigated [4; cf. 1, 2] but scanty information 
is available on the buckling pattern especially on that at an advanced stage of the buckling process. 
Data available on the buckling pattern of complete spherical shells are quite meagre since 
researchers have mostly dealt with local phenomena and with the buckling shape in the early phases 
of the buckling process with the formation of a single dimple. It is not known whether there exists 
an inextensional buckling pattern of complete spherical shells similar to the Yoshimura pattern of 
cylindrical shells, which would be useful in theoretical analyses. It is not known either whether the 
buckling pattern of the sphere, where the buckled state occurs with the formation of a large number 
of dimples, has certain kinds of symmetry. 
As a conjecture, an interesting theoretical argumentation on the development of the buckling 
pattern, which is tacitly supposed to be a rounded "polyhedron" with icosahedral symmetry, can 
be found in Ref. [2]. To our knowledge, the only series of experiments, which was executed also 
in the advanced phases of the buckling process and could produce a large number of dimples 
forming a honeycomb on the complete spherical surface, was performed at Stanford University by 
R. L. Carlson et al. [5]. 
The aim of this paper is to try to discover the main tendencies in the formation of the buckling 
pattern of complete spherical shells by means of the Stanford experiments [5] and of analogies with 
spherical honeycomb structures in nature. 
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Fig. 1. Paperboard models for representation of buckling of a circular cylindrical shell: (a) the cylinder 
prior to buckling; (b) local buckling; (c) the Yoshirnura pattern for n = 6. 
2. C IRCLES ON A SPHERE 
For spherical shells there exists an inextensional local buckling form which is a circular dimple 
on the spherical surface obtained by reflection of a spherical cap in the plane of the base circle 
of the cap into the sphere, as shown in a meridional section in Fig. 2. The spherical cap, however, 
can reach its inverted position only through extensional deformation with a snap-through 
phenomenon. If several local buckles of this kind develop, a packing of circles on the sphere, similar 
to that in Fig. 16(a), is obtained. If the diameter of the circles is increased the packing system 
becomes a covering system. However, deformation of the dimples fitted to the covering system--or 
more correctly, to the Dirichlet cells of the circles---cannot be inextensional any longer. (The 
Dirichlet cell is the central projection of a face of the convex polyhedron determined by the planes 
of the circles onto the surface of the sphere.) 
It is of interest o mention that an inextensional buckling pattern fitted to a covering system of 
circles can be obtained for the discrete version of the buckling problem, i.e. where a triangulation 
is made on the sphere and the spherical triangles are replaced by plane triangles, and so the 
spherical caps are replaced by pyramids. If any three of the circles have at most one common point 
then the vertices of the Dirichlet cells of the circles, which are the vertices of the bases of the 
pyramids, will be coplanar. Thus, every pyramid can be inverted by reflection in the plane of its 
base (Fig. 3). This is known as "dimpling" [6] which considerably increases the stiffness of a 
spherical grid [7]. 
It is well-known that the densest packing of equal circles in the plane is arranged so that the 
centres of the circles are at the vertices of a regular triangular tessellation. The same arrangement 
is obtained for the thinnest covering of the plane with equal circles [8]. (On the spherical surface, 
however, there are only finitely many numbers of circles for which the solution of the problem of 
the densest packing and that of the thinnest covering result in the same arrangement of the centres 
of the circles [9].) In the plane, the Dirichlet cells of the circles in both cases are regular hexagons. 
One can think that an economical arrangement of circles would be obtained by producing a 
hexagonal tessellation on the sphere also. However, it is known as a consequence of the Euler 
theorem that it is impossible to enclose a simply connected omain of the three-dimensional space 
by a polyhedron bounded merely by hexagons [10]. (In spite of this fact, a Hungarian graphic artist 
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Fig. 2. Inextensional single-dimple buck- Fig. 3. A triangle polyhedron inscribed into a sphere: (a) 
ling of a spherical shell. A meridian prior to buckling; (b) in the state of post-buckling with 
section, an inextensional buckling pattern. 
once tried it. The result can be seen in Fig. 4. Maybe the artist would have been in a trouble if 
he had have to draw the honeycomb also on the other side of the sphere.) A trivalent polyhedron 
(i.e. a polyhedron in which three edges meet at each vertex) mainly composed of hexagons always 
need polygons bounded by less than six sides. 
The Euler theorem also involves that in a trivalent polyhedron bounded by pentagons and 
hexagons the number of pentagons i always 12. But Griinbaum and Motzkin [11] have proved 
that for every non-negative integer m satisfying m # 1, there exist trivalent convex polyhedra having 
fk k-gonal faces such that f5 = 12, f6 = m, fk = 0 for k # 5, 6. Goldberg [12] has shown that if 
m = 10(T - 1), where T = b 2 + bc + c 2, b and c are non-negative integers, not both zero, then there 
exists at least one trivalent polyhedron, having 12 pentagonal faces and m hexagonal faces, with 
icosahedral rotational symmetry. The geometrical meaning of b and c can be seen in Fig. 5 where 
the triangle composed of dashed lines is a face of the icosahedron. Following Coxeter [13] we denote 
such a tessellation by the symbol {5 +,  3}b. cin which 5 + and 3 mean that the tessellation consists 
of polygons having 5 and more than 5 (i.e. 6) sides and 3 edges meet at each vertex. This tessellation 
is kno~vn as the topological dual of the triangular tessellation denoted by {3, 5-Jl-}b,c, which has 
great importance in virus research [14, 15]. It is easy to see, if be(b - c )  = 0 then the tessellations 
can also have a plane of symmetry in addition to the icosahedral rotational symmetry. For instance, 
the triangle polyhedron in Fig. 3(a) is constructed in system {3, 5+}2,2 but the pentagonal- 
hexagonal pattern in Fig. 3(b), obtained from it by buckling, represents a tessellation {5+, 3}2,0. 
Both dense spherical circle packing and thin spherical circle covering can be constructed in 
icosahedral symmetry. In the packing problem the tessellation {3, 5+}b.c is useful [16] but in the 
covering problem usage of the tessellation {5 +,  3}b,~ has the advantage [17], as a consequence of
the fact that the packing and covering problems are dual counterparts of each other. 
To illustrate covering the sphere with circles some models with icosahedral symmetry in rotation 
are presented in Figs 6-8. The arrangements in Fig. 6 have got a plane of symmetry but those in 
Figs 7 and 8 have not. The honeycomb pattern on the geodesic dome shown in Fig. 9 is also a 
result of a spherical circle covering [18]. 
We mention here that, in molecular biology, a clathrin cage of small coated vesicles, in general, 
forms a trivalent polyhedron with equal edges, bounded by pentagons and hexagons [19]. The 
geometry of these clathrin cages is in a certain relation with spherical circle covering. For instance, 
the "soccerball" polyhedron in Fig. 6(b) has been identified as a clathrin lattice. (In many cases, 
however, the pentagons and hexagons in the clathrin cage are not planar, similar to the cells of 
the equal-edged honeycomb in Fig. 10.) On the other hand, since the clathrin cages have an 
economical form, considering the pentagons and hexagons of clathrin cages as approximations of
Dirichlet cells we could cover the sphere with 16 and 20 equal circles in arrangements better than 
the previous conjectures [20]. 
In spherical circle packings it frequently occurs, and it can be seen in Fig. 16(a) also, that circles 
cyclically joined to each other are centred at vertices of quadrangles and pentagons. In such cases, 
a relatively large space, not occupied by the circles, is formed inside the quadrangles and pentagons, 
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Fig. 6. Polyhedron model of covering the sphere with 32 circles in system {5+, 3}1 ' i: (a) covering with 
equal circles; (b) covering with two kinds of circles. (Courtesy of Dr M. J. Wenninger.) 
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Fig. 7. Polyhedron model of covering the sphere 
with 72 circles in system {5+, 3}2.~, using two 
kinds of circles. 
Fig. 8. Polyhedron model of covering the sphere with 132 
circles in system {5+, 3}3,1 using three kinds of circles. An 
aluminium model designed by G. N. Pavlov for a statue set up 
in Gagarin, U.S.S.R. (Courtesy of Dr G. N. Pavlov.) 
especially if these polygons are regular. Moreover, in the latter case the Dirichlet cells of the circles 
form tetravalent and pentavalent vertices which are not characteristic of economical cell arrange- 
ments. These facts enable us to think that the real buckling pattern of a spherical shell is closer 
to the system of Dirichlet cells of circle covering than to that of circle packing. (However, it should 
be noted that in nature spherical circle packings [21] do not always stand out in sharp contrast 
to spherical circle coverings because of unknown constraints.) 
Fig. 9. Geodesic dome near Kirov, U.S.S.R., erected in 1976. (Courtesy of Dr G. N. Pavlov.) 
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Fig. I0. Model of a spherical "hexagonal" net with equal edges in system{5+, 3}6,6. 
3. BUCKL ING OF COMPLETE SPHERICAL  SHELLS 
Based on the preceding eometrical argumentation and on the mechanical idea of Gioncu and 
Ivan [2] one can imagine the full buckling pattern of the complete spherical shell as a honeycomb 
composed of pentagons and hexagons corresponding to a covering system of not necessarily equal 
circles on the sphere in icosahedral symmetry. Reality, however, shows a different picture. 
During the buckling process of complete thin-walled spherical shells subjected to uniform 
external pressure, in general, only one dimple appears which gradually deepens and so leads to 
collapse of the sphere. This kind of buckling behaviour, usually, is due to initial imperfections. I f
increase in the dimension of the dimple is restricted then it enables additional dimples to develop 
under an increasing external pressure. 
This principle was applied in the Stanford experiments [5], using mandrel-restricted specimens. 
Each shell specimen was made by electroplating on a hollow wax mandrel. After the plated mandrel 
was removed from the heated plating bath, the mandrel contracted more upon cooling than the 
metal shell, so a gap was produced between the mandrel and the shell. The specimen was gradually 
evacuated and under external air pressure the shell buckled. The buckling process was described 
in Ref. [5] as follows: 
"During air tests conducted with the mandrel inside, it wasgenerally found that buckling at a low 
pressure (less than 50 percent of theoretical) appeared as a single dimple whose size depended on a gap 
dimension. The dimple was approximately circular... If the test was continued, additional dimples wer  
observed to 'pop in', usually singly, and at higher pressures... At the higher buciding pressures, a different 
type of response was observed (initial buckling at pressures greater than 50 percent of the theoretical 
value). In these instances, the shell was more highly stressed, and the transition to the buckled state 
occurred with the formation f a large number of dimples. The transition was very rapid and it was not 
possible to detect a dimpling sequence by visual observation, i.e., the dimples appeared to form 
simultaneously." 
The resulting buckling pattern of one of the specimens i shown in Fig, 1 l(a). The shell did not 
collapse as it was supported inside by the wax mandrel. Simultaneous formation of a large number 
of dimples shows that the specimen was close to a "balanced" shell structure, where there are no 
large differences in the local resistances to buckling. 
(b) 
/ 
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Fig. 1 I. Buckling pattern of a complete spherical shell. (a) Air-system test with wax mandrel inside the 
specimen (courtesy of Professor N. J. Hoff). (b) Pentagons and heptagons in the buckling pattern. 
Apart from a region along the contour of the sphere we have identified the buckling pattern of 
the specimen in Fig. 1 l(a) and drawn it in Fig. 1 l(b). Examination of Fig. 1 l(b) reveals that the 
buckling pattern contains not only pentagons and hexagons, as expected, but heptagons also, and 
the buckling pattern has no symmetry at all. It is of interest o observe that many of the dimples 
in Fig. 11 (a) contain circular swelling in the middle as small "anti-dimples". (It may be noted that 
an "anti-dimple" as an inextensional form can also be produced on a dimple in Fig. 2 by reflection 
in a plane intersecting the inverted spherical cap in a complete circle; and also on a dimple of the 
polyhedron in Fig. 3(b) by reflection of the apex of the inverted pyramid in a plane intersecting 
all the lateral edges of the inverted pyramid.) 
It is not clear from this experiment whether the honeycomb shape of the buckling pattern with 
its irregularities i accidental or it represents certain rules generally valid for spherical honeycombs 
in nature. Since this example of buckling pattern is the only one available to us, to detect the 
tendencies we have considered analogies with other spherical honeycomb structures in nature. 
4. ANALOGIES IN NATURE 
Figure 12(a) shows the quasi-hexagonal pattern of the skeleton of the radiolarian Aulonia 
hexagona depicted by Haeckel [22] and analysed from a morphological point of view by D'Arcy 
Thompson [10]. It should be noted here that the accuracy of Haeckel's drawings was questioned 
after D'Arcy Thompson's opinion was published [23]. Namely D'Arcy Thompson, in his letter of 
9 March 1947 to H.S.M. Coxeter, wrote: 
"As to Haeckel, I wouldn't trust him round the corner, and I have the gravest doubt whether his 
pentagonal dodecahedron and various others ever existed outside his fertile fancy. I believe I may safely 
CAMWA 17/4-~-L 
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(o) (bl 
Fig. 12. (a) Aulonia hexagona Hkl (from Ref. [22]) and (b) pentagons and heptagons in its network. 
say that no type-specimens of these exist in the British Museum, or anywhere lse. He was an artist, a 
pattern-designer, a skilled draughtsman. He had a minute professorial salary in a small University. The 
Challenger paid eight guineas apiece for as many plates as he chose to draw, and he kept on drawing them, 
and lived on the proceeds (so they used to say) till the end of his life. He represents a thoroughly had 
period in Natural Science." 
However, not every natural scientist agrees with D'Arcy Thompson. For instance, S.A. Kling, 
an outstanding expert in radiolaria [24] in his letter of 20 October 1980 to the author, wrote: 
"As to Haeckel's illustrations and D'Arcy Thompson's comments (of which I was unaware), I believe 
that the large majority of the pictures are accurate. It was my understanding that most or all of the 
drawings published by Haeekel in the Challenger Reports were actually made by his illustrator, A. Giltsch. 
Although some of the drawings may be somewhat idealized or even the products of imagination, the plates 
as a whole do not, I believe, exaggerate the diversity of forms in the oceans (taking into consideration 
the fact that some of his species were actually extinct forms derived from older seafloor sediments). 
Occasionally I have had the experience of discovering a specimen of one of Haeckel's more bizarre forms 
that I thought didn't exist. So I think that D'Arcy Thompson's view is quite extreme and puzzling. Haeckel 
was highly regarded as a biologist both in his own time and today. His system turned out to be quite 
unnatural, but his large volume of descriptive work, produced in a relatively short time, remains the 
foundation of radiolarian taxonomy." 
Figure 13(a) confirms Kling's views. This figure shows a scanning electron micrograph of a 
spherical radiolarian similar to Haeckel's Cenosphaera vesparia [22]. Considering the radiolaria in 
Figs 12 and 13 and the tendencies of distribution of pentagons and heptagons in their spherical 
honeycomb pattern, Fig. 13(b) gives nearly the same picture as Fig. 12(b). This convinces us that 
Haeckel's drawing presented here in Fig. 12(a) is correct. 
Comparing the line drawing of the buckling pattern of the spherical metal shell [Fig. 11 (b)] and 
the line drawings of the structural networks of the radiolarian shells [Figs 12(b) and 13(b)] it can 
be ascertained that: 
(1) The honeycombs are asymmetric. 
(2) The honeycombs are trivalent "polyhedra" bounded by pentagons, hexagons and 
heptagons. 
(3) It is typical that a heptagon has a pentagon neighbour joined to it by a whole 
side. [Only one exception is seen in Fig. 13(b) where there is an individual 
heptagon, i.e. completely surrounded by hexagons.] 
(4) It is typical that a pentagon has a heptagon neighbour joined to it by a whole 
side. [Only one exception is seen in Fig. ll(b) where there is an individual 
pentagon, i.e. completely surrounded by hexagons.] 
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(a) (b) 
Fig. 13. (a) Scanning electron micrograph of a spherical radiolarian (courtesy ofDr S. A. Kling) and (b) 
pentagons and heptagons in its network. 
One can find three kinds of typical morphological modules in these honeycombs: hexagons, 
pentagon-heptagon juxtapositions and pentagon-heptagon-pentagon juxtapositions. Occurrence 
of individual pentagons and heptagons i not frequent, so they may be considered as exceptions. 
There is a surprising similarity between Fig. l l(a) and Fig. 13(a), namely the circular openings 
in the radiolarian shell seem to have the same morphological properties as the circular "anti- 
dimples" on the buckled metal shell. 
Several other examples of spherical honeycombs and quasi-hexagonal patterns can be found 
in nature, e.g. certain pollen grains [25], coated pits and coated vesicles [19, 26]. Though not 
spherical, the Benard convection is also worth mentioning: when a shallow fluid layer is heated 
uniformly from below and cooled from above hexagonal convection cells appear in the fluid 
layer at a certain temperature gradient [27]. If surface tension dominates only a weak hexagonal 
pattern develops [28]. Such a formation is shown in Fig. 14(a). Because of the boundary conditions, 
surface tension and imperfections there are relatively many individual pentagons and heptagons 
in the pattern [Fig. 14(b)]. Moreover, a hexavalent vertex also takes place. Haken [29] believes that 
there is a close relation between the "hexagonal" buckling pattern of thin shells and the 
"hexagonal" pattern of the Benard convection, because both develop due to instability: the shell 
buckling is due to elastic instability, the Benard thermal convection is due to hydrodynamic 
instability. 
Returning to the typical morphological modules we may say that the pentagon-heptagon 
juxtapositions are well-known as dislocations in crystals of hexagonal close-packed structure. 
Such a dislocation is shown in Fig. 15 which is obtained from a soap bubble layer forming 
a hexagonal arrangement of equal circles in the plane by drawing the Dirichlet cells 
(Wigner-Seitz cells) of the circles. A pentagon-heptagon pair introduces an additional row 
of hexagons into the hexagonal pattern, or conversely, it contracts three rows of hexagons 
into two rows. (The rows are inclined at 30 ° to the vertical direction.) Pentagon-heptagon 
juxtapositions were discovered in the equal-edged hexagonal basketwork of large coated pits 
and coated vesicles by Heuser and Evans [26], who noted that identical dislocations occur in 
beehives and diatoms, too. Looking at Fig. 15 it is apparent that, as a consequence ofclose packing 
of equal circles in the plane, two of the sides of the heptagon are very short compared to the others. 
This property of the heptagons more or less remains valid also in packing of equal circles on the 
sphere. 
(a] 
Fig. 14. (a) Benard convection cells (courtesy of Professor E. L. Koschmieder) and (b) pentagons and 
heptagons in their pattern. 
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Fig. 15. Dislocation in a two-dimensional bubble layer. Dirichlet cells of bubbles. (On the basis of a figure 
from Ref. [30].) 
Figure 16(a) shows a spherical sculpture composed of 485 equal truncated conical shells made 
of stainless steel. It is, in fact, a random packing of equal circles on the sphere. Drawing the 
Dirichlet cells of the circles [Fig. 16(b)] we obtain also pentagons and heptagons. It is seen that 
the shape of the pentagon-heptagon pairs, in may cases, is quite close to that in Fig. 15. Our feeling 
(a) (b) 
Fig. 16. (a) A sculpture of B~.lint J6zsa, composed of 485 equal truncated conical shells. (Courtesy of 
the artist.) (b) Pentagons and heptagons in the system of Dirichlet cells of it. 
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is that this spherical honeycomb is full of dislocations. The polygons (pentagons a d hexagons 
included) in many cases look like truncated quadrangles ( quares). Our feeling is supported also 
by the fact that a circle on the sphere can never be touched by six others (at most by five) if the 
circles are equal, consequently regular hexagons circumscribed about the respective circles never 
occur among the Dirichlet cells. This is one of the reasons why we believe that the buckling pattern 
of the spherical shell is obtained by circle covering rather than by circle packing. Moreover, as 
mentioned previously, in special cases pentavalent vertices can be formed by the Dirichlet cells. 
[Near to the contour of the sphere in Fig. 16(a) towards the northwest there are five circles in a 
nearly regular arrangement. The two hexagons, two pentagons and one heptagon i  Fig. 16(b) are 
very near to becoming five elongated pentagons with a common pentavalent vertex.] The 
morphological properties discovered in parts (b) of Figs 11-13 are also valid here and pentagon- 
heptagon-pentagon juxtapositions can be seen, too. Two pentagons can be connected to a heptagon 
side by side, topologically, in three different ways. Considering Fig. 16(b) and also Figs 11 (b), 12(b) 
and 13(b), however, we found only two of them. These are depicted in Fig. 17. We did not find 
a pentagon-heptagon-pentagon juxtaposition i which the two pentagons have a common side. 
In the case of two pentagons, both neighbours of a heptagon, joined side by side, we could always 
decompose the picture into pentagon-heptagon juxtapositions and such a pentagon-heptagon- 
pentagon juxtaposition where the two pentagons had no common side. 
If there are pentagons, hexagons and heptagons in a trivalent polyhedron then, using the 
notation in Section 2, the Euler theorem involves that f5- f7 = 12. In the case where there are no 
individual pentagons and heptagons [this is the case in Fig. 16(b)], since the number of 
pentagon-heptagon pairs does not affect this equality, it follows that the number of pentagon- 
heptagon-pentagon triplets is equal to 12. (However, as seen previously, individual pentagons and 
heptagons can occur--this number should be considered only as an expected value.) Thus, it seems 
that the pentagon-heptagon-pentagon juxtapositions in these spherical honeycombs play a role 
similar to that of pentagons in spherical honeycombs consisting of pentagons and hexagons. 
5. CONCLUSIONS 
The morphological resemblance between the buckling pattern of the spherical metal shell in 
Fig. 1 l(a) and the shape of the radiolarian shell in Fig. 13(a) (and other spherical honeycombs in 
nature) is startling. However, resemblance should be considered nothing more than simple analogy, 
and conclusions derived from this analogy should only be considered conjectures from the point 
of view of prediction of the buckling pattern of complete spherical shells with the mandrel inside. 
Care is necessary in this field since a buckled shell and, for example, radiolaria re very distant 
from each other in scale, microstructure, function and circumstances byway of the fact that one 
of them is an artificial object and the other is a living structure. Moreover, formation of the skeleton 
of radiolarians is very poorly understood [24] (D'Arcy Thompson tried to explain it by a 
soap-bubble-aggregate model [10]). In spite of the fact that the formation of buckling of a complete 
spherical shell is much simpler than development of the skeleton of a radiolarian, because of the 
highly non-linear character of the buckling problem we do not know the exact buckling pattern 
either. 
In nature (on a mechanical level) the principle of the minimum potential energy is valid and 
things intend to have a shape in which the potential energy is a minimum. In reality, however, there 
are always everal random disturbances and imperfections which are not known and in many cases 
(o) (b) 
Fig. 17. Pentagon-heptagon-pentagon juxtapositions: (a) pentagons onthe first and third sides of the 
heptagon; (b) pentagons onthe first and fourth sides of the heptagon. 
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constraints or accessory conditions are not known either under which the minimum of the potential 
energy is looked for. This is why theory is able only to approximate reality. A good example of 
this is Kelvin's space-filling minimal tetrakaidecahedron. Although Kelvin's curved-faced sym- 
metrical polyhedron mathematically is conjectured to be the minimal energy equivolume space- 
filling cell shape, it very rarely occurs in nature and only in a very distorted form [31]. In the case 
of a complete spherical shell, however, even the mathematical solution (or conjecture) of the 
buckling problem of the perfect shell with several dimples has not been found. 
Besides analogies we used certain geometrical rgumentations, though we are aware of the fact 
that a difficult mechanical problem (and what is more, a biological problem) cannot be reduced 
to a geometrical problem and buckling of spherical shells cannot be explained by the problems of 
the densest spherical circle packing and of the thinnest spherical circle covering, but we think that 
knowing these geometrical problems we can get closer to the understanding of the several-dimple 
buckling of complete spherical shells. 
Although the shape of the buckled sphere in Fig. 1 l(a) has been influenced by random 
imperfections we believe that the shape itself is not accidental but some of its details show certain 
tendencies and in this sense the buckling pattern is typical. The following main features of the 
buckling pattern were ascertained: 
(a) Although the sphere, as a whole, is the most symmetrical shape, the buckling 
pattern on it has no symmetry at all. 
(b) The buckling pattern forms a trivalent polyhedron bounded by pentagons, 
hexagons and heptagons. 
(c) In the buckling pattern a pentagon, in general, has a heptagon eighbour, and 
vice versa; individual pentagons and heptagons completely surrounded by 
hexagons rarely occur. 
Acknowledgements--The research reported here was supported by OTKA Grant No. 744 awarded by the Hungarian 
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Note added in proof 
After the manuscript went to press, it came to our knowledge that Hutchinson [32] was the first to predict heoretically 
a hexagonal buckling pattern on a part of a spherical shell, but when he wrote his paper [32] he was not aware that the 
pattern predicted was a pattern of hexagons. Shortly afterwards, however, he did notice this and communicated the 
observation to Koiter who then referenced the fact in his fundamental paper [33]. 
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